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Abstract
Basic features of the conservation laws in the Hamiltonian approach
to the Poincare gauge theory are presented. It is shown that the Hamil-
tonian is given as a linear combination of ten rst class constraints.
The Poisson bracket algebra of these constraints is used to construct
the gauge generators. By assuming that the asymprotic symmetry is
the global Poincare symmetry, we derived the improved form of the
asymptotic generators, and discussed the related conservation laws of
energy, momentum, etc.
Among various attempts to overcome the problem of quantization of the
general relativity, gauge theories of gravity are especially attractive, as they
are based on the concept of gauge symmetry which has been very successfull
in describing other fundamental interactions in nature. The importance of
the Poincare symmetry in particle physics leads one to consider the Poincare
gauge theory (PGT) as a natural framework for the description of the grav-
itational phenomena [1].
In this paper we shall a) present the Hamiltonian structure of the general
PGT [2, 3], b) construct the gauge generators [4, 5, 6], and c) clarify
the relation between gauge symmetries and conservation laws, in case of
asymptotically flat spacetimes [7].





The Hamiltonian analysis of PGT leads to a simple form of the gravitational
Hamiltonian, and yields a clear picture of the dynamical structure [3].
Basic gravitational variables in PGT are tetrad bi and Lorentz connec-
tion Aij, and the corresponding eld strenghts are torsion and curvature:






 − ( $ ), Rij = @Aij + AisAsj − ( $ ).
The geometry of PGT is dened by the Riemann{Cartan spacetime U4, with
the general Lagrangian eL = bLG(Rijkl; T ikl) + bLM(Ψ;rkΨ), where Ψ are
matter elds and rkΨ is the covariant derivative. The gravitational La-
grangian which is at most quadratic in eld strenghts, i.e. of R + T 2 + R2
type, depends on ten parameters (assuming parity invariance).





;Ψ), are obtained frpm ~L in the usual way. Due to the fact
that T i and R
ij
 are dened through the antisymmetric derivatives of
bk and A
ij









0  0 ; ij
0  ij
0  0 : (1)
These constraints are allways present, independently of the values of param-
eters in ~L. Depending of a specic form of the Lagrangian, one may also
have additional primary constraints in the theory.
The canonical Hamiltonian has the form Hc = HM +HG, where HM =
Ψ;0 − eLM , HG = kbk;0 + 12ijAij;0 − eLG. The total Hamiltonian is






0 + (u  ) ; (2)
where  denotes all additional primary constraints, if they exist (if{con-
straints), and HT =
R
d3xHT .
The evaluation of the consistency conditions of the primary constraints,
_k
0 = fk
0;HT g  0 and _ij0 = fij0;HT g  0, is essentially simplied if
we previously nd out the dependence of HT on the unphysical variables
bk0 and A
ij










 is a three{divergence term, while possible extra primary con-
straints  are independent of bk0 and A
ij
0. Consequently, the consistency
2
conditions of the primary constraints will result in the secondary constraints:
Hk  0 ; Hij  0 : (4)
The linearity of Hc in bk0 and Aij0 is closely related to the so{called
(3+1) decomposition of spacetime. If n is the unit normal to the hypersur-
face 0 : x
0 = const., the four vectors fn; eg dene the so{called ADM







l, we can express any vector in terms of its parallel and orthogonal
components: Vk = nkV? + Vk, where Vk  (Vk)k = (Pk)
l
k Vl, V? = V
knk.
An analogous decomposition can be dened for any tensor.
The decomposition of e0 in the ADM basis yields e0 = Nn + N
e,
where N and N are called lapse and shift functions, respectivly. By using





canonical Hamiltonian (3) can be easily brought into an equivalent form:







where H? = n
kHk, H = b
k
Hk.
Matter Hamiltonian. Let us now turn to the proof of (5) for the
matter Hamiltonian. First, we decompose rkΨ into the orthogonal and
parallel components,
rkΨ = nkr?Ψ +rkΨ  nkh?
rΨ + hk
rΨ :
Replacing this into LM leads to LM = LM (Ψ;rkΨ;r?Ψ; n
k), where com-
plete dependence on velocities and unphysical variables (bk0; A
ij
0) is con-
tained in r?Ψ. Second, since b = det(b
k
) = NJ , where J does not depend








Finally, using the relation r0Ψ  Nr?Ψ +N





express the velocities Ψ;0, the canonical Hamiltonian for matter elds takes
the form (5), where
HM = rΨ ; H
M
ij = ijΨ ;
HM? = r?Ψ− JLM ; D
M
 = 0 :
(6)
Expressions for HM and H
M
ij are independent of unphysical variables. They
do not depend on the specic form of LM , but only on the transformation
3
properties of elds, and are called kinematical parts of the Hamiltonian. The
term HM? is dynamical , as it depends on the choice of LM . After eliminating
r?Ψ with the help of the relation dening , one nds that H
M
? does not




Additional primary constraints, if they exist, are also independent of
unphysical variables.
Gravitational Hamiltonian. Construction of the gravitational Ha-
miltonian can be performed in a very similar way, the role of rkΨ being
taken over by T ikm and R
ij
km. In the rst step we decompose the tor-
sion and the curvature, in last two indices, into the orthogonal and parallel
components. The parallel components T ik m and R
ij
k m are independent of
velocities and unphysical variables. The replacement in the gravitational



















k  ibk and ^ij
k  ijbk are \parallel" gravitational mo-
menta. The velocities bi;0 and A
ij
;0 can be calculated from the denitions
of T i0 and R
ij
0. After a simple algebra the canonical Hamiltonian takes














mT i? m +
1
2 ^ij











The expressions T i? m and R
ij
? m in H
G
? should be eliminated with the help
of the equations dening momenta ^i
m and ^ij
m.
Consistency of the theory. The fact that Hc is linear in unphysical
variables implies the existence of the secondary constraints: H?  0, H  0
and Hij  0. By working out the constraint algebra we shall see that these
constraints are FC. As a consequence, the consistency conditions of the
secondary constraints will be automatically satised.
2 Gauge symmetries
The correct denition of gauge generators enables one to clarify the rela-
tionship between gauge symmetries and conservation laws.
4
Constraint algebra. An explicite knowledge of the algebra of con-
straints is necessary for the investigation of the consistency of the theory, as
well as for the construction of the gauge generators [4].
If extra constraints are not present in the theory, one can show that the





klHmn ; fHij ;H
0








fHij ;H0?g = 0 ; fH;H
0








3gH + 3g0H0)@ :
(8)
In the presence of extra constraints the whole analysis becomes much
more involved, but the results are essentially the same: a) the dynamical
Hamiltonian H? goes over into a redened expressionH?, that includes the
contributions of all primary second class constraints; b) the Poisson bracket
algebra may contain primary FC terms (CPFC). Therefore, consistency
conditions of the secondary constraints are automatically satised.
Gauge generators. In PGT, the gauge generator has the form
G = _"(t)G1 + "(t)G0, where G0; G1 are phase space functions satisfying
the conditions [5]
G1 = CPFC ;
G0 + fG1;HT g = CPFC ;
fG0;HT g = CPFC :
It is clear that the construction of the gauge generator demands the
knowledge of the algebra of constraints. Since the Poincare gauge symme-
try is always present, independently of a specic form of the action, one
naturally expects that all essential features of the gauge generator can be
obtained by considering the simple case of the theory without extra con-
straints. In that case the primary constraints k
0 and ij
0 are FC, and the































Note that P0 = HT − @D, since _bk0 = uk0 , _Aij0 = uij0, on shell.
The action of the gauge generator on the elds (Ψ; bk; A
ij
) produces
the correct Poincare gauge transformations. These transformations are sym-
metry transformations of the action not only when extra constraints are ab-
sent, but also in the general case. This fact leads to the conclusion that the
expression (9) is the correct generator of the Poincare gauge symmetry for
any choice of the parameters of the theory.
3 Conservation laws
Now, we are going to consider one of the most important problems of the
classical theory of gravity | the denition of the gravitational energy, and
other conserved quantities [7].
The asymptotic symmetry. We assumme that the symmetry of the
U4 theory in the asymptotic region is the global Poincare symmetry. The
global Poincare transformations can be obtained from the gauge transfor-
mations by the following replacement of parameters:
!ij(x)! −!ij ; (x)! −!x
 − "  − ;
where !ij and " are constants, ! = 

i !
ijj . The related generator can










d3x(xP − xP − S) ;
M0 =
Z







Since the generators act on basic dynamical variables via Poisson brack-
ets, they are required to have well dened functional derivatives. As this is
not always the case with the generator (10), we shall try to improve its form
so as to obtain the expression with well dened functional derivatives. The
rst step in that direction is to dene precisely the phase space in which the
generator (10) acts.
6
The phase space. The choice of asymptotics will become more clear
if we rst express the asymptotic structure of spacetime in certain geometric
terms. Here we shall be concerned with isolated physical systems, charac-
terized by matter elds that decrease suciently fast at large distances, so
that their contribution to surface integrals vanishes. The spacetime out-
side an isolated system is said to be asymptotically flat if the following two
conditions are satised:
(a) g =  +O1, where  is the Minkowskian metric, On decreases
like r−n or faster for large r, and r2 = (x1)2 + (x2)2 + (x3)2.
(b) Rij = O2+ ( > 0) (the absolute parallelism for large r).
The second condition can be easily satised by demanding Aij = O1+.
In the Einstein{Cartan (EC) theory the connection behaves as @g , so that
A = O2. The same law holds in the general U4 theory when the eld A is
massive, while massless A can have a slower decrease. We shall study here,
for simplicity, the EC theory, i.e. we shall assume that
bk = 
k
 +O1 ; A
ij
 = O2 : (11)
To ensure the global Poincare invariance of these conditions we demand
bk; = O2, Aij; = O3, etc.
The asymptotic behaviour of momenta is determined by requiring p −
@L=@ _q = bO, where bO denotes a term that decreases suciently fast. From
the denitions of the gravitational momenta in EC theory one obtains
k
0; ij
0 = bO ; k = bO ; ij = −4aJn[ihj] + bO : (12)
Similar arguments lead to the consistent determination of the asymptotic
behaviour of the Hamiltonian multipliers.
Improving the Poincare generators. The generators act on dynam-
ical variables via Poisson brackets, dened in terms of functional derivatives.
A functional F [’; ] =
R
d3xf(’; @’; ; @) has well dened functional
derivatives if its variation can be written as F =
R
d3x[A’+B], where
terms ’; and ; are absent .
The variation of the spatial translation generator has the form







where the integration domain is the boundary of the three{dimensional
space, and R denotes regular terms, not containing ’;, ; . Therefore,
7
we can redene the generator P,
P ! eP  P +E ; (14)
so that ~P has well dened functional derivative. The assumed asymptotic
behaviour of phase{space variables ensures nitness of E.






The surface term E0 is nite under the adopted asymptotic conditions, and
represents the value of the energy of the system.






A detailed analysis shows that the adopted asymptotic conditions do not
guarantee the nitness of E , as the integrand contains O1 terms. These
troublesome terms are seen to vanish if we impose the asymptotic gauge




 − k, and certain
parity conditions. These conditions are invariant under the global Poincare
transformations, and they restrict the remaining gauge symmetry. After
that E is seen to be nite and, consequently, fM is well dened.









Additional gauge and parity conditions guarantee the nitness of E0 .
All these results are reered to the EC theory. Analogous considerations
in the general R + T 2 + R2 theory show that the boost generator cannot
be redened by adding a surface term. Therefore, it is not a well dened
generator under the adopted boundary conditions.
Conservation laws. The improved asymptotic Poincare generators
satisfy the standard Poincare algebra, up to squares (or higher powers) of
constraints and surface terms. This results proves the asymptotic Poincare
symmetry of the theory. We now wish to see whether this symmetry implies,
as usually, the existence of certain conserved quantities.
One can prove that a phase-space functional G[’; ; t] is a generator of
global symmetries if and only if
fG; eHT g+ @G
@t
= CPFC ; fG;’sg  0 ;
8
where eHT is the improved Hamiltonian, ’s are all constraints, and, as before,
the equality means an equality up to the zero generators. The rst equation
represents the Hamiltonian form of the conservation law. Indeed, it implies
dG=dt  fG;HT g + @G=@t  S, so that G is conserved if the surface term
S is absent .
One nds in this way that the generators eP 0, eP and fM are conserved,
and that the surface terms E0, E and E represent the values of energy,
linear momentum and angular momentum as conserved quantities. On the
other hand, the boost generator is not a conserved quantity. This result is a
consequence of an explicit, linear time dependence of fM0, and the existence
of a non{vanishing surface term in eP  .
Comparison with the Lagrangian formalism. In order to com-
pare the form of the surface terms with those obtained by the Lagrangian
treatment, one should express all momentum variables in terms of elds and
their derivatives, with the help of the constraints and the equations of mo-
tion. One nds that i) the energy{momentum in EC theory is given by the
same expressions as in GR, ii) the angular momentum also coincides with
the GR expression.
In the general R+ T 2 +R2 theory, the result for the energy{momentum
is of the same form, while the angular momentum remains the same only
when all tordions are massive. When massless tordions exist, then a) the
spatial angular momentum E becomes dierent from the GR expression,
and b) the boost E0 is not even dened in this case.
4 Concluding remarks
1) We constructed the Hamiltonian for the general PGT. The Hamiltonian
constraints H?;H;Hij are found to be rst class.
2) The Poisson bracket algebra of constraints is calculated and used to
construct the Poincare gauge generators.
3) In case of the Minkowskian asymptotics, we obtained the conservation
of energy{momentum and angular momentum. Other interesting asymptotic
conditions (e.g. de Sitter spacetime) have not yet been studied.
4) Depending on the structure of ~L, one may have extra FC constraints
in the theory. The related extra gauge symmetries have been studied only
in the linear approximation [8].
5) The Hamiltonian approach may be very usefull in clarifying the dy-
namical structure of the teleparallelism theory.
9
References
[1] T. W. B. Kibble, J. Math. Phys. 2 (1961) 212; F. W. Hehl, P. von der
Heyde, D. Kerlick and J. Nester, Rev. Mod. Phys. 48 (1976) 393; F. W.
Hehl, Four lectures in Poincare gauge theory , Proceedings of the 1979
International Summer School of Physics "Ettore Mayorana", eds. P. G.
Bergmann and V. de Sabbata (Plenum, New York, 1980).
[2] P. A. M. Dirac, Lectures in quantum mechanics (Yeshiva University,
New York, 1964); K. Sundermeyer, Constrained Dynamics (Springer,
Berlin, 1982); M. Henneaux and C. Teitelboim, Quantization of gauge
systems (Princeton University Press, Princeton, 1992).
[3] M. Blagojevic and I. Nikolic, Phys. Rev. D28 (1983) 2455; I. Nikolic,
Phys. Rev. D30 (1984) 2508; M. Blagojevic, Gravitation and gauge
symmetries (in Serbian) (Institute of Physics, Belgrade, 1997).
[4] I. Nikolic, Fiz Suppl. 18 (1986) 135; M. Blagojevic and M. Vasilic, Phys.
Rev. D36 (1987) 1679; I. Nikolic, Gen. Rel. Grav. 24 (1992) 159.
[5] L. Castellani, Ann. Phys. (N.Y) 143 (1982) 357.
[6] M. Blagojevic, I. Nikolic and M. Vasilic, Nuovo. Cim. B101 (1988) 439.
[7] T. Regge and C. Teitelboim, Ann. Phys. (N.Y) 88 (1974) 286; M. Blago-
jevic and M. Vasilic, Class. Quantum Grav. 5 (1988) 1241;
[8] M. Blagojevic and M. Vasilic, Phys. Rev. D36 (1987) 1679.
10
